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On Multi-fuzzy rough sets
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Abstract-Rough sets have been invented to cope with uncertainty and to deal with intelligent systems characterized

by incomplete information. This paper introduces the concept of relation based multi-fuzzy rough approximation

operators. Multi-fuzzy sets are approximated by a multi-fuzzy relation and hence the concept of multi-fuzzy rough sets

is defined. The basic set theoretic operations such as union, intersection etc. are defined in the context of multi-fuzzy

rough sets. The basic rough set properties are then explored.
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1 Introduction

he theory of rough sets was proposed by Zdsilaw

Pawlak in 1982 [4]. The theory is in a state of constant
development from the date. Both paradigms address the
phenomenon of non-crisp sets, notions which according
to Frege, are characterized by the presence of a non-
empty boundary which does encompass subjects neither
belonging with certainity to the given concept nor
belonging with certainity to its complement[5].
Basically rough sets embody the idea of indiscernibility
between objects in a set, while fuzzy sets model the ill
definition of the boundary of a sub-class of this sets.
Rough sets are a calculus of partitions, while fuzzy sets
are continuous generalization of set-characteristic
functions. Although rough sets and fuzzy sets address
distinct aspects of reasoning under uncertainity, yet both
these ideas can be combined into a hybrid approach.
Dubois and Prade studied first the fuzzification problem
of rough sets and proposed the concepts of rough-fuzzy
sets and fuzzy-rough sets[2]. Combining both notions
lead to consider rough approximations of fuzzy sets and
approximation of sets by means of similarity relations or
fuzzy partitions.
Multi-fuzzy sets are introduced [6, 7] as a generalization
of fuzzy sets using ordinary fuzzy sets as building blocks.
The notion of multi-fuzzy set provides a new method to

represent some problems, which are difficult to explain

in other extensions of fuzzy-set theory.

The present paper studies the concept of hybrid
structures involving multi-fuzzy sets and rough sets. In
the next section, we review some basic notions related to
multi-fuzzy sets and rough sets. In section 3 and 4, we
define rough multi-fuzzy sets and multi-fuzzy rough sets
respectively. In the respective sections, the properties of

each of them are also studied.

2 Preliminaries

In this section we present some basic notions related to
multi-fuzzy sets and rough sets. Let U be a non-empty set
called the universe of discourse. The class of all subsets of
U will be denoted by P(U).

Definition 2.1. [3] Let U be a non-empty ordinary set, L a

complete lattice. An L-fuzzyset on U is a mapping

A: X — L, thatis the family of all the L-fuzzy sets

on U isjust LY consisting of all the mappings from U to L.

Definition 2.2. [6, 7] Let U be a non-empty set, N the set
of all natural numbers and {LI ,| € N} a family of

complete lattices. A multi-fuzzy set A in U is a set of

ordered sequences

A= x5 (0) g2 (X).. U (6),... > x U |
where U; € L7 (i.e.,u;:U — L, )for ieN

If the sequences of the membership functions have only a

finite number of k terms, k is called the dimension of A.

Let Li = [0,1](f0r i= 1,2,.., k), then the set of all
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multi-fuzzy sets in u of dimension k, is denoted by 3. AcB and
k

M FS(U). CcD=ANCcBND

Every fuzzy set A can be represented as a multi-fuzzy set 4~ (~ A) =A

A=< Hys Hy > of dimension two. Let L4, [l be Definition 2.3. Let A, B be any sets. Then a multi-fuzzy

linearly dependent with the relation relation R from A to B is a multi-fuzzy subset of A x B.

/,ll(X)-i- /JZ(X)Ilfor every x in U, then the multi- R = {< (a, b), /Jé (a,b), ,ué (a, b), >/lae A,b € B}
fuzzy set represents an ordinary fuzzy set with the
membership value ﬂl(X). If ﬂl(x)+ 75 (X) < l’ where ,u;{ AxB—> Li

for every X € U, then the multi-fuzzy set represents an Now the multi-fuzzy(MF) relation R on U is a multi-

fuzzy subset of U x U

R=1{< (%, y) k(% y) 2 (x,Y).. >/ %, y €U |

Atanassov intuitionistic fuzzy set [1]. Some basic

relations and operations on M : FS (U ) are defined as

follows: [7] For every A, BeM kFS (U ), Where /ull? ‘UxU = L

. . i i
a) A€B if and only if /’IA(X) < Hg (X) for p¢ [0,1], the set of all MF relations on U is denoted by
all XeU andforall 1 =1,2,3,...,K MFR(U x U).

Definition 2.4. [8] Let U be a non-empty and finite

b) A =B if and only if lLl'IA(X)= IUIIB (X) for

. universe of discourse and R gU xU , an arbitrary
all XeU andforall I 21,2,3,...,k

crisp relation on U. We define a set-valued function

R) AuB={<X,,ui(X)v,ué( v,udxb _}1@@() ﬂa( )>/XEU}

o Anb=k xwi(xvﬂ;<x>,ﬂ;<x>,ﬂ;<x>Aﬂ;<xFi%.(flrix{i&it%x’>(§’xy2§}”' ey

s\ X) is referred to as the successor neighbourhood of

The multi-fuzzy universe set is x with respect to (w.r.t.) R. The pair (U, R) is called a crisp

1, = {< x11,...1,...>/xeU }and the multi- approximation space. For any A C U, the upper and

fuzzy empty set is % — {< x,0,0,...> /xeU } lower approximations of A w.r.t. (U ) R), denoted by

For any A€ MKFS(U )’ the complement of A R(A) and R(_A), are, respectively, defined as

denoted by ~ A is defined as, for follows:
A={<x () 4300, k(1) > XU R = xcU[R, (x) < A}
~ A= {ex = (1= 2 (X, 1- 4 (0)> IR ¥k UR, () m A ¢

According to the above definitions, the following basic The pair (_( ) ( )) is referred to as a crisp rough

properties of MF sets can be easily derived:

. AcBadBcC=AcC
2. AnBc Aand ANBc B

set and R, R: P(U )—) P(U) are, respectively,
referred to as lower and upper crisp approximation
operators induced from (U, R).

The crisp approximation operators satisfy the following
properties [8]:

IJSER © 2014
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 5, Issue 9, September-2014 17

ISSN 2229-5518

rorall A,B e P(U),

(U5)R(ANB)c R(A)nR(B)
Properties (L1) and (Ul) show that the approximation

operators B and R are dual to each other. Properties

with the same number may be considered as dual
properties. If R is an equivalence relation on U, then the

pair (U, R) is called a Pawlak approximation space and

B(A), ﬁ(A) is a Pawlak Rough set.

3. Construction of multi-fuzzy rough sets

In this section, we will introduce Multi-fuzzy (MF) rough
approximation operators induced from a MF
approximation space and discuss their properties.

Definition 3.1. Let U be a non-empty and finite universe
of discourse and R € MFR(U xU ) , the pair (U,
R)is called a multi-fuzzy approximation space. For
Ae MFS (U ), the family of all multi-fuzzy sets on
U, the lower and upper approximations of A w.r.t (U, R)

denoted by B(A) and R (A) are two multi-fuzzy sets

and are, respectively, defined as follows:

R(A)= <X, g (X), 70 (X). .-
- 15 ) (KN 1 () X EU |

R(A)= {< X A () A5 ) (), }

/ug(A)(X)""lug(A)(X)"“ >/xeU|

t(¥) = AV (L= st (%, y), b (y)) y U |
t () =An (g (%, y) b (y)) y €U

VieN and VXeU

B(A) and ﬁ(A) are, respectively, called the lower

and upper approximations of A w.r.t (U, R). The pair

(B(A), ﬁ(A)) is called the MF rough set of A w.r.t.
U R and R,R:MFS(U)— MFSU) are

referred to as lower and upper multi-fuzzy rough
approximation operators, respectively.

Theorem 3.2. Let U be a non-empty and finite universe
of discourse and R, R}, R, € MFR(U xU ). Then

the lower and upper approximation operators in

definition 4.1 satisfy the following properties:

VA,Be MFS(U),
MFLl) (A)=~R(~ A)
( )=1,
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Proof:

(MFLL)LetA = {< X, 224 (x), 222 (X),.... 45 (x) > x €U |
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Then Min(gzg (x, y) MaX(ﬂA(y) w1 (y)))=

- A= Xt (01 4R - s >/m-ase[&mn<ﬂR (% Y )42 () M (. y), s ()]
ﬁ(~ A)= 15 1k () 3y (e XQ>/X‘Wr}(ﬂR (% ¥) 224 ()= 22 (x.y)

,Uiﬁ( )() Max{Mln(yR(x y)l uA(y))/y U v@:élR /UB(y)) IUR(X’ Y)

and Vi =12,....K.. Now 'V“”(#R(X ). Max(u} (y), 225 (¥)))= ek (%, y)

~R(~A)= {< Xll—ﬂ%(~A)(X)'1—/JR( A) Xy, 1Mi‘|‘i{whh((5§)§(!<xﬁl7!’ Mln(yR (x,y) ﬂB(Y))]

L (8) 1 ain(at oy )1 s (y)—)/l\gixm 2 (% y). 5 (%, y)) #z(x.y)
case 2 Min(uy (x, ) 44 (v))= i (x, y)
=1—[1—Min{1—Min{(u‘R(x, y)'l_”i\(y»/yeﬁiﬂ(y;(x ;;ﬂiB(y))ﬂ i (y '

)
= Min{Max(L— s} (x, y), 124 (y))/ y eU | Min(zg (x, y), Max(uz} (y )z (v)
#r

(
z,uiB(A)(X)VXeU andfor 1 =1,2,...,K - Mm(‘”R (%, y) 14 (y))= (%, y)
s R(A) =~ R(~ A). Max|Min(zzf (x, y), 24 (y)) Min{uzt (x, y ) 5 (y))
Similarly (MFU1) can be proved. This shows that the MF =Max = ('uR X y Mg (y )= (
rough approximation operators B and R are dual to .3 MIn(,uR (X y) ﬂA(y)) #A(y)
each other.

AUB =< X, th(X) Vv g 23 12 (X A'\(IX?ﬂR ?X)S>/§(y3 uh(%,y)
| <X 00V 423 (), 225 v ﬂl\/lln,quy Max(j(y) ()))

_Mln(:uR X y /uB ):/JR X y
ﬁ(Au B): {< X’”%(AUB)(X)’ﬂé(AuB)(X) """ } Max[Mln(,uR (X y (y ) Mln( (X y) ,uB (y))]

Then

'u;(AuB)(X)> leU Max(,uA (x,y))= pi(
1 ) (%)= MaxqMin(uh (%, y) 2k (Y)v s Wy Mﬁﬂﬁué (%, y). 4 (y))= £i(y)
xeUandi=12...k Min(u, (%, ¥), a4y ()= 444 ()

Min(z (x, yz W }(m\(y),ua(y))) Max(zh (v) 22b ()

R(AVUR(B) < X'ﬂ%(A)(X)VﬂR( )( )ﬂpze( )( )V:uR( B)
R(A) R(B){,yg(A)(x)v Hi (X )>IXELI!/Iax[M|n(,uR(X Y} 1, (y)) Min(zeh (x, y), 425 (y))]
where = Max ,uA

u3(y))
Min( z X y ,UA
K (x k _(x)=Max{ Max hus
/uR(A)( )V/‘R(B)( ) { {Mln X Y), ,uS(ay /VEUH

Claim:- For | = 1,2 ..... Kk
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Min(y;(x y), MaX(ﬂiA( ) a5 (y ))

= Max[Mln(,uR x y) ,uA(y ),Mln( (X, Y)ﬂ's(Y))]

Thus our claim holds. Taking maximum over all
yeU, we get

lu%(AuB)(X) = ,uiﬁ(A)(X)V IU;T(B)(X)

VXxeU and I 21,2,..., k

Thus we get ﬁ(AU B) = ﬁ(A)U E(B)

Similarly (MFL3) can be proved

The other properties also can be proved in a similar

manner.

Example 3.3 Let U = {X, X,, X, } and
R = {< (%, x )ALL1>,< (%, X, ) LLL1>
< (Xg, X WLLLL >, < (X, %,),.1,.2,.3,.4 >
< (%,,%),0,.3,.3,.1>,< (%,,%),.1,.2,.3,.4 >

(2]

(3]

(4]

(5]
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If

A={<x.,4,5.3.6><X,,.2,.3,.4,.3><X,,0,1.7,.8 >},

then by definition.

R(A)=1{<x.,4,5,3,.6>,<X,,.2,.3,4,.3>,< X,,0,.1,.6,.8 >}

R(A)={<x,,4,5,3,.6 >,< X,,.2,.3,.4,.4 >, < X,,4,.3,.7,.8 >}

4 Conclusion

This paper deals with relation based multi-fuzzy rough
approximation operators. Besides giving the basic
definitions, the fundamental properties of approximation
operators are also proved. The introduced structure has
the nice properties of both constituents and hence more

relevant.
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