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On Multi-fuzzy rough sets 
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Abstract-Rough sets have been invented to cope with uncertainty and to deal with intelligent systems characterized 

by incomplete information. This paper introduces the concept of relation based multi-fuzzy rough approximation 

operators. Multi-fuzzy sets are approximated by a multi-fuzzy relation and hence the concept of multi-fuzzy rough sets 

is defined. The basic set theoretic operations such as union, intersection etc. are defined in the context of multi-fuzzy 

rough sets. The basic rough set properties are then explored. 
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1 Introduction 
he theory of rough sets was proposed by Zdsilaw 

Pawlak in 1982 [4]. The theory is in a state of constant 

development from the date. Both paradigms address the 

phenomenon of non-crisp sets, notions which according 

to Frege, are characterized by the presence of a non-

empty boundary which does encompass subjects neither 

belonging with certainity to the given concept nor 

belonging with certainity to its complement[5]. 

Basically rough sets embody the idea of indiscernibility 

between objects in a set, while fuzzy sets model the ill 

definition of the boundary of a sub-class of this sets. 

Rough sets are a calculus of partitions, while fuzzy sets 

are continuous generalization of set-characteristic 

functions. Although rough sets and fuzzy sets address 

distinct aspects of reasoning under uncertainity, yet both 

these ideas can be combined into a hybrid approach. 

Dubois and Prade studied first the fuzzification problem 

of rough sets and proposed the concepts of rough-fuzzy 

sets and fuzzy-rough sets[2]. Combining both notions 

lead to consider rough approximations of fuzzy sets and 

approximation of sets by means of similarity relations or 

fuzzy partitions. 

Multi-fuzzy sets are introduced [6, 7] as a generalization 

of fuzzy sets using ordinary fuzzy sets as building blocks. 

The notion of multi-fuzzy set provides a new method to 

represent some problems, which are difficult to explain 

in other extensions of fuzzy-set theory. 

The present paper studies the concept of hybrid 

structures involving multi-fuzzy sets and rough sets. In 

the next section, we review some basic notions related to 

multi-fuzzy sets and rough sets. In section 3 and 4, we 

define rough multi-fuzzy sets and multi-fuzzy rough sets 

respectively. In the respective sections, the properties of 

each of them are also studied. 

 

2 Preliminaries 
In this section we present some basic notions related to 

multi-fuzzy sets and rough sets. Let U be a non-empty set 

called the universe of discourse. The class of all subsets of 

U will be denoted by P(U). 

Definition 2.1. [3] Let U be a non-empty ordinary set, L a 

complete lattice.  An L-fuzzyset on U is a mapping 

,: LXA →  that is the family of all the L-fuzzy sets 

on U is just LU consisting of all the mappings from U to L.  

Definition 2.2. [6, 7]  Let U be a non-empty set, N the set 

of all natural numbers and { }NiLi ∈;  a family of 

complete lattices.  A multi-fuzzy set A in U is a set of 

ordered sequences 

( ) ( ) ( ){ }UxxuxxxA i
AAA ∈><= ;,,,,, 21 µµ  

Where ( ) NiLUueiLu ii
U
ii ∈→∈ for:.,.  

If the sequences of the membership functions have only a 

finite number of k terms, k is called the dimension of A.  

Let [ ]( ),k ..., 2, 1,ifor 1,0 ==iL  then the set of all 

T 
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multi-fuzzy sets in u of dimension k, is denoted by 

( )UFSM k . 

Every fuzzy set A can be represented as a multi-fuzzy set 

>=< 21,µµA  of dimension two.  Let 21,µµ  be 

linearly dependent with the relation 

( ) ( ) 121 =+ xx µµ for every x in U, then the multi-

fuzzy set represents an ordinary fuzzy set with the 

membership value ( ).1 xµ   If ( ) ( ) ,121 ≤+ xx µµ  

for every ,Ux∈  then the multi-fuzzy set represents an 

Atanassov intuitionistic fuzzy set [1].  Some basic 

relations and operations on ( )UFSM k  are defined as 

follows: [7] For every ( ),, UFSMBA k∈  

a) BA∈  if and only if ( ) ( )xx i
B

i
A µµ ≤  for 

all Ux∈  and for all ki ,,3,2,1 =  

b)  BA =  if and only if ( ) ( )xx i
B

i
A µµ =  for 

all Ux∈  and for all ki ,,3,2,1 =  

c) ( ) ( ) ( ) ( ) ( ) ( ){ }UxxxxxxxxBA k
B

k
ABABA ∈>∨∨∨<=∪ /,,,, 2211 µµµµµµ 

 

d) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }UxxxxxxxxxBA k
B

k
ABABBA ∈>∧∧∧<=∩ µµµµµµµ ,,,,, 22111 

 

The multi-fuzzy universe set is 

{ }UxxU ∈><= /,1,1,1,1  and the multi-

fuzzy empty set is  { }./,0,0, UxxU ∈><= φ  

For any ( ),UFSMA k∈  the complement of A 

denoted by ~ A is defined as, for  

( ) ( ) ( ){ },/,,,, 21 UxxxxxA k
AAA ∈><= µµµ   

( ) ( ) ( ){ }UxxxxxA k
AAA ∈>−−−<= /1,,1,1,~ 21 µµµ 

. 

According to the above definitions, the following basic 

properties of MF sets can be easily derived:  

1. BA⊆  and CACB ⊆⇒⊆  

2. ABA ⊆∩  and BBA ⊆∩  

3. BA⊆  and 

DBCADC ∩⊆∩⇒⊆  

4. ( ) AA =~~  

Definition 2.3.  Let A, B be any sets.  Then a multi-fuzzy 

relation R from A to B is a multi-fuzzy subset of A × B. 

( ) ( ) ( ){ }BbAabababaR RR ∈∈><= ,/,...,,,,, 21 µµ
 

where i
i
R LBA →×:µ  

Now the multi-fuzzy(MF) relation R on U is a multi-

fuzzy subset of U × U 

( ) ( ) ( ){ }UyxyxyxyxR RR ∈><= ,/,...,,,,, 21 µµ
 

Where i
i
R LUU →×:µ  

If [ ]1,0 , the set of all MF relations on U is denoted by 

MFR(U × U). 

Definition 2.4. [8] Let U be a non-empty and finite 

universe of discourse and UUR ×⊆ , an arbitrary 

crisp relation on U.  We define a set-valued function  

( )UPURs →:  by 

( ) ( ){ } .,,/ UxRyxUyxRs ∈∈∈=  

( )xRs  is referred to as the successor neighbourhood of 

x with respect to (w.r.t.) R. The pair (U, R) is called a crisp 

approximation space.  For any UA⊆ , the upper and 

lower approximations of A w.r.t. ( )RU , , denoted by 

( )AR  and ( )_AR , are, respectively, defined as 

follows: 

( ){ }
( ){ }φ≠∩∈=

⊆∈=

AxRUxR

AxRUxR

s

s

_
 

The pair ( ) ( )( )ARAR ,  is referred to as a crisp rough 

set and ( ) ( )UPUPRR →:,  are, respectively, 

referred to as lower and upper crisp approximation 

operators induced from (U, R).  

The crisp approximation operators satisfy the following 

properties [8]:  
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For all ( ),, UPBA ∈  

( ) ( ) ( ) ( )ARARARL ~~~~1 ==  

( ) ( ) UURL =2  

( ) ( ) ( ) ( )BRARBARL ∩=∩3  

( ) ( ) ( )BRARBAL ⊆⇒⊆4  

( ) ( ) ( ) ( )BRARBARL ∪⊇∪5  

( ) ( ) ( )ARARU ~~1 =  

( ) ( ) φφ =RU 2  

( ) ( ) ( ) ( )BRARBARU ∪=∪3  

( ) ( ) ( )BRARBAU ⊆⇒⊆4  

( ) ( ) ( ) ( )BRARBARU ∩⊆∩5  

Properties (L1) and (U1) show that the approximation 

operators R  and R  are dual to each other.  Properties 

with the same number may be considered as dual 

properties.  If R is an equivalence relation on U, then the 

pair (U, R) is called a Pawlak approximation space and 

( ) ( )ARAR ,  is a Pawlak Rough set.   

 
3.  Construction of multi-fuzzy rough sets  

In this section, we will introduce Multi-fuzzy (MF) rough 

approximation operators induced from a MF 

approximation space and discuss their properties.   

Definition 3.1.  Let U be a non-empty and finite universe 

of discourse and )( UUMFRR ×∈ , the pair (U, 

R)is called a multi-fuzzy approximation space.  For 

( ),UMFSA∈  the family of all multi-fuzzy sets on 

U, the lower and upper approximations of A w.r.t (U, R) 

denoted by ( )AR  and ( )AR  are two multi-fuzzy sets 

and are, respectively, defined as follows:  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
,

/,...,...,

,,,, 21













∈

<
=

Uxxx

xxx
AR

k
AR

k
AR

ARAR

µµ

µµ 
 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
,

/,...,...

,,,, 21













∈>

<
=

Uxxx

xxx
AR

k
AR

k
AR

ARAR

µµ

µµ 
 

Where  

( )( ) ( ) ( )( ){ }
( )( ) ( ) ( )( ){ }Uyyyxx

Uyyyxx
i
A

i
R

i
AR

i
A

i
R

i
AR

∈∧∨=

∈−∨∧=

/,,

/,,1

µµµ

µµµ
 

Ni∈∀  and Ux∈∀  

( )AR  and ( )AR  are, respectively, called the lower 

and upper approximations of A w.r.t (U, R).  The pair 

( ) ( )( )ARAR ,  is called the MF rough set of A w.r.t. 

(U, R) and ( ) ( )UMFSUMFSRR →:,  are 

referred to as lower and upper multi-fuzzy rough 

approximation operators, respectively.  

Theorem 3.2.  Let U be a non-empty and finite universe 

of discourse and ( ).,, 21 UUMFRRRR ×∈   Then 

the lower and upper approximation operators in 

definition 4.1 satisfy the following properties:  

( ),, UMFSBA ∈∀  

( ) ( ) ( )ARARMFL ~~1 =  

( ) ( ) UURMFL 12 =  

( ) ( ) ( ) ( )BRARBARMFL ∩=∩3  

( ) ( ) ( )BRARBAMFL ⊆⇒⊆4  

( ) ( ) ( ) ( )BRARBARMFL ∩⊇∪5  

( ) ( ) ( )ARARRRMFL 21216 ⊆⇒⊆  

( ) ( ) ( )ARARMFU ~~1 =  

( ) ( ) φφ =RMFU 2  

( ) ( ) ( ) ( )BRARBARMFU ∪=∪3  

( ) ( ) ( )BRARBAMFU ⊆⇒⊆4  

( ) ( ) ( ) ( )BRARBARMFU ∩⊆∩5  

( ) ( ) ( )ARARRRMFU 21216 ⊆⇒⊆  

Proof: 

( ) ( ) ( ) ( ){ }UxxxxxLetAMFL k
AAA ∈><= µµµ ,...,,,1 21

. 
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Then 

( ) ( ) ( ){ }UxxxxxA k
AAA ∈>−−−<= /1,...,1,1,~ 21 µµµ

 and  

( ) ( )( ) ( )( ) ( )( ){ }UxxxxxAR k
ARARAR ∈><= /,...,,,~ ~

2
~

1
~ µµµ

 where  

( )( ) ( ) ( )( ){ } UxUyyyxMinMaxx i
A

i
R

i
AR ∈∀∈−= /1,,~ µµµ

and ..,...,2,1 ki =∀  Now 

( ) ( )( ) ( )( ) ( )( ){ }UxxxxxAR k
ARARAR ∈>−−−<= /1,...,1,1,~~ ~

2
~

1
~ µµµ

 where 

( )( ) ( ) ( )( ){ }UyyyxMinMaxx i
A

i
R

i
AR ∈−−=− /1,,11 ~ µµµ

 

( ) ( )( ){ }{[ ]UyyyxuMinMin i
A

i
R ∈−−−−= /1,,111 µ

 

( ) ( )( ){ }UyyyxMaxMin i
A

i
R ∈−= /,,1 µµ  

( )( ) Uxxi
AR ∈∀= µ  and for ki ,...,2,1=  

Thus ( ) ( ).~~ ARAR =  

Similarly (MFU1) can be proved.  This shows that the MF 

rough approximation operators R  and R  are dual to 

each other. 

( ) ( ) ( ) ( ) ( ){ }UxxxxxxxBA k
B

k
ABABA ∈>∨∨∨<=∪ /,...,,, 2211 µµµµµµ

. 

Then 

( ) ( ) ( ) ( ) ( )

( ) ( ) 











∈>

<
=∪

∪

∪∪

Ux

xxx
BAR

k
BAR

BARBAR

/

,...,,, 21

µ

µµ

 where 

( ) ( ) ( ) ( ) ( )( ){ }
.,...,2,1 and

,/,,

kiUx

UyyyyxMinMaxx i
B

i
A

i
R

i
BAR

=∈

∈∨=∪ µµµµ

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 











∈>∨

∨∨<
=∪

Uxxx

xxxxx
BRAR

k
BR

k
AR

BRARBRAR

/,

,...,, 2211

µµ

µµµµ

where 

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) 























∈
=∨

UyyyxMin
yyxMin

MaxMaxxx
i
B

i
R

i
A

i
Rk

BR
k

AR /,,

,,,

µµ

µµ
µµ

 

Claim:- For ki ,...,2,1=  

( ) ( ) ( )( )( )
( ) ( )( ) ( ) ( )( )[ ]yyxMinyyxMinMax

yyMaxyxMin
i
B

i
R

i
A

i
R

i
B

i
A

i
R

µµµµ

µµµ

,,,,,

,,, =

 

Case 1:- ( ) ( )( ) ( )yxyyxMin i
R

i
A

i
R ,,, µµµ =  

( ) ( )( ) ( )yxyyxMin i
R

i
B

i
R ,,, µµµ =  

( ) ( ) ( )( )( ) ( )yxyyMaxyxMin i
R

i
B

i
A

i
R ,,,, µµµµ =

 

( ) ( )( ) ( ) ( )( )[ ]
( ) ( )( ) ( )yxyxyxMax

yyxMinyyxMinMin
i
R

i
R

i
R

i
B

i
R

i
A

i
R

,,,,

,,,,,

µµµ

µµµµ

==
 

Case  2:- ( ) ( )( ) ( )yxyyxMin i
R

i
A

i
R ,,, µµµ =  

( ) ( )( ) ( )yyyxMin i
B

i
B

i
R µµµ =,,  

( ) ( ) ( )( )( )
( ) ( )( ) ( )yxyyxMin

yyMaxyxMin
i
R

i
A

i
R

i
B

i
A

i
R

,,,

,,

µµµ

µµµ

==
 

( ) ( )( ) ( ) ( )( )[ ]
( ) ( )( ) ( )yxyyxMax

yyxMinyyxMinMax
i
R

i
B

i
R

i
B

i
R

i
A

i
R

,,,

,,,,,

µµµ

µµµµ

===
 

Case 3:- ( ) ( )( ) ( )yyyxMin i
A

i
A

i
R µµµ =,,  

( ) ( )( ) ( )yxyyxMin i
R

i
B

i
R ,,, µµµ =  

( ) ( ) ( )( )( )
( ) ( )( ) ( )yxyyxMin

yyMaxyxMin
i
R

i
B

i
R

i
B

i
A

i
R

,,,

,,,

µµµ

µµµ

==
 

( ) ( )( ) ( ) ( )( )[ ]
( ) ( )( ) ( )yxyxyMax

yyxMinyyxMinMax
i
R

i
R

i
A

i
B

i
R

i
A

i
R

,,,

,,,,,

µµµ

µµµµ

==
 

Case 4:- ( ) ( )( ) ( )yyyxMin i
A

i
A

i
R µµµ =,,  

( ) ( )( ) ( )yyyxMin i
B

i
B

i
R µµµ =,,  

( ) ( ) ( )( )( ) ( ) ( )( )yyMaxyyMaxyxMin i
B

i
A

i
B

i
A

i
R µµµµµ ,,,, =

 

( ) ( )( ) ( ) ( )( )[ ]
( ) ( )( )yyMax

yyxMinyyxMinMax
i
B

i
A

i
B

i
R

i
A

i
R

µµ

µµµµ

,

,,,,,

=
 

Thus in all cases,  
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( ) ( ) ( )( )( )
( ) ( )( ) ( ) ( )( )[ ]yyxMinyyxMinMax

yyMaxyxMin
i
B

i
R

i
A

i
R

i
B

i
A

i
R

µµµµ

µµµ

,,,,,

,,,

=
 

Thus our claim holds. Taking maximum over all 

,Uy∈  we get 

( )( ) ( )( ) ( )( )xxx i
BR

i
AR

i
BAR µµµ ∨=∪  

Ux∈∀  and ki ,...,2,1=  

Thus we get ( ) ( ) ( )BRARBAR ∪=∪  

Similarly (MFL3) can be proved  

The other properties also can be proved in a similar 

manner.  

Example 3.3. Let { }321 ,, xxxU =  and  

( ) ( ){ ><><= 1,1,1,1,,,1,1,1,1,, 2211 xxxxR  

( ) ( ) ><>< 4,.3,.2,.1,.,,1,1,1,1,,, 2133 xxxx  

( ) ( ) ><>< 4,.3,.2,.1,.,,1,.3,.3,.0,,, 1231 xxxx  

( ) ( ) ( ) }.1,.4,.2,.0,,,1,.3,.3,.0,,,1,.4,.2,.0,,, 231332 ><><>< xxxxxx
 

If 

{ },8,.7,.1,.0,,3,.4,.3,.2,.,6,.3,.5,.4,. 321 ><><><= xxxA
then by definition.           

( ) { }><><><= 8,.6,.1,.0,,3,.4,.3,.2,.,6,.3,.5,.4,. 321 xxxAR
 

( ) { }><><><= 8,.7,.3,.4,.,4,.4,.3,.2,.,6,.3,.5,.4,. 321 xxxAR
 

 

4 Conclusion 

This paper deals with relation based multi-fuzzy rough 

approximation operators. Besides giving the basic 

definitions, the fundamental properties of approximation 

operators are also proved. The introduced structure has 

the nice properties of both constituents and hence more 

relevant. 
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